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where X is a a-compact metric space with distance dx, and denotes the Dirac 
measure at t G X. Let i/ be a diffuse Radon measure on X, and let P be the Poisson 
measure with intensity u on . Let the linear, closable, finite difference operator 



Abstract 



1 Introduction and notation 



Let denote the set of Radon measures 




D : L^{n^,P) 



be defined via 



D^F{uj) = F{uj U {x}) - F{uj), dP x u{duj, dx)-a.e., 



where as a convention we identify u G VL^ with its support, cf. e.g. [20], [22], 
In [T], [21], [U, Poisson tail estimates are obtained under the hypothesis 

DF < K, P (g) z/-a.e., and ||DF||2,oo(f^x j;^2(j(^ ,^)) < a < oo, 

for some K > 0. While (modified) logarithmic Sobolev inequalities and the Herbst 
method are used in pP and [2ZI, the methods of {H| rely on covariance representations 
0). Recently the results of have further led in fTJ to estimates for Lipschitz 
functions of stable random vectors. Even more recently, dimension free concentration 
is obtained in for the Euclidean norm as well as for various classes of functions of 
independent infinitely divisible vectors having finite exponential moments. 

In the present paper we first obtain new deviation inequalities on Poisson 
space via the covariance method. Then, by replacing the bounds on DF and on 
\\DF\\];^cx,(^QX ^]^2(^x,u)) by growth conditions, deviation results for Poisson functional 
with infinite variance are given. 

Let us briefly describe the content of the paper. In Section |21 we deal with Levy 
measures with finite variance, using the covariance representation method involving 
the Ornstein-Uhlenbeck semi-group. This leads to general deviation results for Poisson 
functionals having finite exponential moments. In Section 01 we obtain dimension free 
deviation estimates and exponential integrability properties for random vectors of such 
Poisson functionals. Since an infinitely divisible random vector can be represented as a 
vector of Poisson stochastic integrals, these results are then applied to derive deviation 
inequalities for Lipschitz functions of infinitely divisible vectors. In Section ^ we 
study the particular case of quadratic Wiener functionals, including the square norm 
of Brownian path, the sample variance of Brownian motion and Levy's stochastic area. 
For such i.i.d. vectors, this also gives dimension free inequalities in Euclidean norm, 
and large deviation estimates in £^-norm, p e [l,cx3], recovering tail estimates of j2] 
for non-decoupled Gaussian chaos of degree 2. In Section^lwe adapt the method of [7] 
to prove other tail estimates under weaker hypothesis on the gradient. For example, 
if u is the Levy measure of an a-stable vector, the bounds on D can be replaced by 
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the growth conditions 

sup \D,F\<C'R and \\DF\\l^^^x < CR^-'^ , R>Ro, (1.1) 

where Bx{0,R) = {x E X : dx{0,x) < R} is the ball of radius R in X. Here, 
denotes a fixed arbitrary center in X, whose choice has no infiuence on the growth 
conditions ()1.1|1 . This leads to an estimate of stable type for the deviation of F from 
one of its medians. 

Let us now introduce some notation which will be used throughout the paper. 
The multiple Poisson stochastic integral /„(/„) is defined as 

= / fn{yi, ■ ■ . ,yn){i^{dyi) - i^{dyi)) ■ ■ ■ {uj{dyn) - v{dyn)), 
Ja„ 

for every square-integrable symmetric function /„ e L'^{X, z/)°", where 

A„ = {(xi, . . . ,x„) G X" : Xij^ Xj, Vi ^ j}. 
Recall the isometry formula 

E[In{fn)Imigm)] = n\l{n=m} {fn, gm) L'2{X,u)°" , 

see 121], and recall also that every square-integrable random variable F G L'^{Q^,P) 
admits the Wiener-Poisson decomposition 

oo 

F = J2Wn). 

n=0 

The operator D defined above is such that 

D^In{fn){uj) = nln-i{fni*,x)){uj), P{du) ® v{dx)-&.e., n G M, 
and in particular, 

DJi{f){uj) = f{x), u{dx)-&.e. 

We denote by Dom (D) the domain of D, i.e. the space of functionals F G L'^{Q^ , P) 
such that DF G L'^{Q^ x X,P ^ u). Recall also that the Ornstein-Uhlenbeck semi- 
group iPt)tm+ is defined via 

PtWn) = e-"*/„(/„,), /„ G L\X, z/)°", neN. 



In the sequel we also use the integral representation of the Ornstein-Uhlenbeck semi- 
group {Pt)tm+ in terms of a probability kernel pt{uj , du , du) , cf. e.g. 



PtF{uj)= / F{CjVJCj)pt{oJ,dCj,dCj). (1.2) 

When X = M", \ ■ \p denotes the £^-norm on M", p > 1. Assuming that 

/ 1 A \y\li^{dy) < oo, 

any ?7,-dimensional infinitely divisible (ID) random vector F = [Fi, . . . , F„) without 
Gaussian component and with Levy measure u can be represented as the vector of 
single Poisson stochastic integrals 



Vk (i^idy) - jy{dy)) + yk uj{dy) + hk (1.3) 

{\y\2<l} -^{|y|2>l} /l<fc<n 

for some h G M". Indeed, the characteristic function of F is given by 

^f{u) = E[e*<^'">] = exp (t{b,u) + [ (e*<^'"> - 1 - t{y,u)l{iyi,<,Mdy) 

u e w. 

2 Deviation results from the Ornstein-Uhlenbeck 
semi-group 

As in [H], we need the following covariance identity on Poisson space, which is obtained 
from the Ornstein-Uhlenbeck semi-group. 



Lemma 2.1 Let F,G E Dom (D), then 



Cov(F, G) = E 



poo f 

/ e-' / DyFPsDyGu{dy)ds 
Jo Jx 



(2.1) 



Proof. By orthogonality of multiple integrals of different orders and continuity of Ps, 
s e M_i_, on L^{n^,P), it suffices to prove the identity for F = In{fn) and G = In{gn)'- 

E[InUn)In{.gn)] = n\{fn, Qn) L2{X,,y)°r^ = n\ fuQudp'^'' 

Jx" 

= nl [ [ Ux,y)gn{x,y)v^^--^\dx)v{dy) 
Jx 



n / E[In-i{fn{-,y))In-i{gn{-,y))]i^{dy) 
Jx 

n 



E 
E 



X 

oo 



DyIn{fn)DyIn{gn) l^{dy) 

DyIn{fn)DyIn{gn)v{dy)ds 



-ns 



JX 
oo f 

e'" / DyIn{fn)PsDyIn{gn)v{dy)ds 
Jx 



□ 



Using the covariance identity p.lj) and the representation fll.2j) we first state a general 
deviation result which slightly improves the one presented in [8 . In particular it will 
be applied, in Sectional to obtain deviation inequalities on product spaces for vectors 
of random functionals. In this proposition and the following ones, the supremum on 
Vt-^ can be taken as an essential supremum with respect to P. 

Proposition 2.2 Let F G Dom (D) he such that e^^ G Dom (D), < s < to, for 
some to > 0. Then 



P{F - E[F] >x)< exp 



mm / 

\o<t<to Jq 



h{s) ds — tx 



X > 0, 



where 



his) 



sup 



f ^^sDyFiu) _ ^) DyFioo'Mdy) 
Jx 

If moreover h is nondecreasing and finite on [0, to) then 

P{F - E[F] >x)< exp h-\s)ds^ , < x < /i(to ), 

where is the left- continuous inverse of h: 



sG[0,to). (2.2) 



(2.3) 



h-^{x) = inf{t > : h{t) >x}, <x < hit^). 

Proof. We start by deriving the following inequality for a centered random variable 
F: 

E[Fe'^] < h{s)E[e'^], < s < to- (2.4) 
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This follows from (|2.H) . Indeed, using the integral representation (jl.2p of the Ornstein- 
Uhlenbeck semi-group {Pt)t for PvDyF{uj), we have 



E[Fe'^] = E 



POO P 

/ e'" / Dyc'^ P^DyFv{dy)dv 
Jo Jx 



Jo 



X 



DyF{u U Cj)pv{uj, duj, dCj)v{dy)dvP{duj) 



< 



QX Jo 



< sup 
= sup 



f I ^e'^'y^^^^ -l)DyF{uULo)iy{dy) 

JnXxQX Jx 

I (e-B.i-H _ i)DyF{uj')u{dy) E e'^ 
Jx 

I ^^sDyFi.) _ i)DyF{u')v{dy) E [e^^] 
Jx 



Py{uj, du, dijj)dvP{duj) 



e-^dv 



which yields (j2.4j) . In the general case, we let L{s) = E [e**-^ ^[^Dj and obtain: 

L'(s) 



L{s) 



< h{s), < s < t 



0, 



which using Chebychev's inequality gives: 

P{F - E[F] >x)< exp (^-tx + ^ h{s)ds^ . 

Using the relation ^ ^ h{s) ds — tx^ = h(t) — x, we can then optimize as follows 

rt rh-Hx) 

min / h(s) ds — tx = / h(s) ds — xh~^(x) 
o<t<toJo Jo 



(2.5) 



s dh ^(s) — xh '^{x) 
h~^(s) ds. 



(2.6) 



hence 



P{F - E[F] >x)< exp h-\s)ds^ , 0<x< h{t^ 



□ 



In the sequel we derive several corollaries from Proposition 12.21 and discuss possible 
choices for the function h, in particular for vectors of random functionals. Note that 
since 



h{t)< I \\DyFU\\e'\''y^\-l\\^u{dy), 
Jx 



Proposition 12.21 recovers Proposition 3.3 in 8j, which is obtained via a covariance 
identity relying on the Clark formula. In the next proposition and following jU], we 
obtain a better result by applying Proposition 12.21 with more careful bounds. 

Proposition 2.3 Let F : ^ R and let K : X ^ 
such that 



be a non-negative function 



DyF{u) < K{y), y eX,ijen 



X 



(2.7) 



Then 



where 



P{F - E[F] >x)< exp ^min h{s) ds - tx^ , x> 0, 

h{t)= sup / \DyF{u)\^u{dy), t>0. 
If moreover h is finite on [0, to) then 

P{F - E[F] >x)< exp h~\s)ds^ , 0<x < h{to). 
If K{y) = 0, y E X , we have: 



(2.8) 



(2.9) 



P{F - E[F] >x)< exp 



X 



252 ' ' 



X > 0, 



with 



a' 



sup / \DyF{u;)\Mdy). 
uj^n^ Jx 



Proof. Since when K is M+-valued the condition DyFn{uj) < K{y), 00 G ^ , y G X, 
is satisfied we may apply Proposition 12 .21 to Fn = max(— n, min(F, n)), n > 1, and get 

gtDyF„{ui) _ 



hit) 



sup 



X DyFn{uj) 



-DyFn{uj)DyFn{uj') u{dy) 



^ / i^i ^ \DyFn{uj)\\DyFn{uj')\v{dy) 

(uj,uj')m^xnx Jx J^yy) 



1 

< - 



sup 

{uj,iu')enxxn^ Jx 



K{y) 



{\DyFn{uj)\'+\DyF^{uo')\')u{dy) 



^ / ^ \DyFn{u;)\^ u{dy) 

r QtK{y) _ I 

< sup / ^ \DyF{uj)\^ u{dy), 



ujen^ Jx Kiv) 
which allows to conclude. 



□ 



Note that if : X ^ R in (j2.7|) is not necessarily positive and F,e^^ G Dom (D), 
< s < to, for some to > 0, then applying Proposition 12.21 and the above argument 
directly to F yields: 

P{F - E[F] >x)< exp ( min / h{s) ds - tx] , x> 0, 

\0<t<to J 

and (j2.9j) also holds provided h is finite on [0,to)- 

Part of the next corollary recovers a result of (see also jjSj). This result is used in 
Corollary 12.61 below as well as in the infinite variance case in Section El 

Corollary 2.4 Let F G L'^{^^,P) be such that DF < K, P ® u-a.e., for some 
iiT G M, and \\DF\\i,y:,(^^x ^i2(^x,u)) < ct. We have for K > 0.- 

P(F-E[F] >x) <e"/^ ( 1 + , x>0, (2.10) 

and for K = 0: 

P{F - E[F]>x) <exp (^-^^ , x>0. (2.11) 

Proof. If K > 0, let us first assume that F is a bounded random variable. The 
function h in ()2.8|) is such that 



QtK _ e*^ - 1 

hit) < — ^Pi^|lio.(ox,^2(^,,)) < t > 0. 

Applying ((23)) with a^{e^^ - l)/K gives 



'tK 



P{F - E[F] >x)< exp \^-tx + j^ie''' - tK - 1] 

Optimizing in t with t = log(l + Kx/a^) (or using directly ()2.3|) with the inverse 
K-^ log (1 + Kt/a^)) we have 

P(F-£[fl>.)<exp(|-(| + |l).og(l + f)). 

which yields ()2.12|) . ()2.11|) and ()2.10|1 . depending on the value of K. For unbounded 
F, apply the above to F„ = max(— n, min(F, n)) with |-D-F„| < \DF\, n > 1. Then 
()2.10|1 follows since, as n goes to infinity, F„ converges to F in L'^iVL^), DFn converges 
to DF in [Q^ , L'^ {X , u)) , and DFn < K, n > 1. The same argument applies if 
K = 0. □ 
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In case K < and e*^ G Dom (D) for all t > 0, Proposition 12.31 yields in a similar 
way: 



P{F - E[F] >x)< e^'/^ ( 1 + —J 



xK\ ^ 



«2 



< X < — — . 

K 



(2.12) 



If F is an infinitely divisible random variable in M", without Gaussian component 
and with Levy measure z/, the representation p.3|) shows that for any Lipschitz(c) 
function / : M" ^ M, 

\DJ{F){uj)\ = |/(F(c.U{x}))-/(FM)| 
< c\\F{ujU {x}) - F{uj)\\ 

= c\\x\\, (2.13) 

where || ■ || is any norm in M". Hence when X = M" and u has bounded support, 
Corollarv 12.41 also recovers Corollary 1 of [H] with 

K = mi{r>0 : u{{x e X : ||a;|| > r}) = 0}, 

and = J^^ \\yfu{dy), i.e. 

P(/(F) - E[/(F)] > x) < 1 + — , x>0. 

\ ca^ ) 

On a product X = {1, . . . , n} x F, where y is a | ■ |y-normed linear space, we have 
the identification 



~ X ■ ■ ■ X 



Y 



U = [uJi, . . .,UJn) 



X 



and 



D{i,y)F{uj) = ^ l{i=j}{F{ui, . . . , UJi_i, UJi U {y}, Ui+i, ...,Un)- F{ui, Un)), 

i = 1, . . . ,n, y E Y . Proposition 12.21 can be directly applied with dv{i,y) = dui^y), 
i = 1, . . . ,n, y E Y , and 



h{t) 



n „ 

i=i -^y 



.(e*l^(-)^l - l)v^{dy) 



(2.14) 



or if z/ = z/i = ■ ■ ■ = z/„, with 

h{t)=P l^\y\Y{e'^^y^- -iHdy), 

where 

3=supf:%^. and /3= sup 

'-',?/7^0'^ \y\Y i,uJ,y^O \y\Y 

In fact, a stronger result can be obtained as a corollary of Proposition 12 .HI 

Corollary 2.5 Lei X = {1, . . . ,n} x Y , where Y is a \ ■ ly-normed linear space and 
dv{i, y) = duiiy), i = 1, . . . ,n, y E Y . Let F : Q-^ M and let Pi > 0, i = 1, . . . ,n, 
be such that 

D^i^y)F{uj) < Pi\y\Y, i = l,...,n, yeY.ueVt^. 

Then ^ 

P{F - E[F] >x)< exp l^min h{s) ds - tx^ , x> 0, 

where 

h{t) = sup 5^ / — — iD^,,y)F{co)fu,{dy), t > 0. (2.15) 

Loenx'~lJY fJi\y\Y 

If moreover h is finite on [0, to) then 

P{F - E[F] >x)< exp h'\s)ds^ , < x < h{to). 

If Pi = 0, i = 1, . . . ,n, i.e. for decreasing functional, we have: 

x"^ 



with 



P{F - E[F] >x)< exp ( -— ) , X > 0, 



0? 



It n 

sup V / {D^i^y)F{uj)yui{dy). 

Proof. Apply Proposition 12.31 with K{i,y) = /?i|y|y, l<i<n, yEY. □ 
As a consequence of ()2.15p . and if := i^i = • • ■ = z/„, one can take: 

h{t) = j j^\y\y{e'^\y\- -l)u{dy), te[0,to], (2.16) 
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with 



Taking 



n „ 

/^W = ll/|y(e*^''^'" - iMdy), t e [0,to] 

^=l 



(2.17) 



allows to recover the bound implied by ()2.14|1 in this case. 
For example, if n = 1 and 



Fi{^) = j Ui{y){uj{dy)-u{dy)),...,Fm{uj) = j u^{y){uj{dy) - u{dy)) 

are m (not necessarily independent) single Poisson stochastic integrals and F 
g{Fi, . . .,Fm), we have 

\g{Xi + Ui{y), ...,Xm + Um{y)) - g{xi, . . .,Xm)\ 



(3 < sup 

a;i,...,Xm,j/7^0 



\y\Y 



The following statement is obtained from Corollary 12.41 on a product space, in the 
same way as Corollarv 12.51 is obtained from Proposition 12. HI 

Corollary 2.6 Let X = {1, . . . , n} x F with dv{i^ y) = duiiy), i = 1, . . . ,n, y E Y . 
Let F be such that Di^i^y)F{ijj) < K, P ® Vi-a.e., i = 1, . . . ,n, for some K eM. and 



i=l 



We have for K > 0: 



,r^, rK\ K 
P{F - E[F] >x)< e"/^ 1 + 



a' 



X > 0, 



and for K = .■ 



P{F - E[F] >x)< exp 



X 



2a 



X > 0. 



Moreover if K < and e G Dom (D) for all t > 0, then 
P{F -E[F]>x)< e^-/^ ( 1 + ^ ) 



< X < — — . 

K 



(2.18) 



(2.19) 



(2.20) 
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3 Application to random vectors 



We start by applying Corollary 12.51 and Corollary 12.61 to random yectors {Fi, . . . , F„) 
on the product space ^ x ■ ■ ■ x where X = {1, . . . ,n} x Y and y is a 
I ■ |y-normed linear space. Corollary 12 . 51 yields 

Pig{Fu...,Fn)-E[g{Fu...,Fn)]>x) < exp h-\s) ds 

< X < /i(to ), where (7 : R" — M, proyided the function 

h{t) 



J2 / (A*,,)^7(FiH,...,F„M)j u,idy) 

i=i "'^ 



Pi\y\ 



t e [o,to 



L°°{nx,p) 

is finite on [0,to), with (3i as in Corollary 12.51 Seyeral particular cases are now pre- 
sented. 

Random vectors with independent components 



li Fi, . . . , Fn are n independent random yariables defined on = x ■ ■ ■ x Q 
with Fi = Fi{uji), i = 1, . . . ,n, and (7 : M" ^ M, an £^-Lipschitz(c) function, we haye 

|Z}(,,,)(7(Fi,...,F„)M| 
= ■■■,F,{iUiU {y}), F„(cu„)) - (7(^1^), • • • , FnK))| 

< c\F,{uiU{y})-Fi{tOi)\ 

< c\DyF,{uj)\. 



Y 



Now we can take in Corollary 12.51 

h{t) < a sup / — ^ — 

^GH-^'^iy (^Pi\y\Y 



{DyF,{ujyfv,{dy), tG[0,to] 



with 



sup 



\DyFi{yj>, 



y&, uui&QY \y\Y 

Moreoyer when i/ = z/i = ■ ■ ■ = we can take in p.l6|l : 



~2 2 \ ^ 

a = c sup y. 



, and p = c sup 



I 1 2 

lyiY 
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Independent vectors of Poisson stochastic integrals 

Assume that F is a normed linear space and that /y 1 A lylyUi^dy) < oo, i = 1, . . . ,n. 
If G = g{Fi, . . . , Fn) where g : R"- M. and Fi, . . . ,Fn are independent Poisson 
stochastic integrals of the form (|1.3|) : 



Fi{uj-i) = y {uji{dy) - i^i{dy)) + / yuJi{dy) + 6^, I < i < n, 

J{\y\Y<i} J{\y\Y>i} 

we have 

D(,,,)(7(Fi, . . . , F„) = giF,, . . . , + . . . , F„) - ^(Fi, . . . , F^. (3.1) 
From Corollary 12.51 we have, denoting by (ei, . . . , e^) the canonical basis on M": 



h{t) = sup V / 



{g{Fi{uJi), . . . , Fi{uJi) + ?/,..., F„(u;i)) - g{Fi{uJi), . . . , ^^(wi), . . . , 
< sup > / {g{x + yei) - g{x)fui{dy), (3.2) 

which recovers Theorem 1 of [H] and (3) therein as a particular case. We may also 
take 

~2 \9{x + yci) - gix)]"^ \g{x + yci) - g{x)\ 

a = sup > --2 , and p = sup , (3.3) 

x,y^of^ \y\Y i,x,y^O \y\Y 

in ^rn^ . If g -.W ^Ris £^-Lipschitz(c), then p = c, and so (pTfjl gives: 

= / |y|y(e*^l^l- - iMdy), t e [0,to]- (3-4) 

i=i Jy 

For (7(x) = sup(xi, . . . , x„), with Y = R, [3 = 1 and 



D(,,,)f7(Fi,...,F„) = I 



0, y < sup(Fi, . . . , F„) - F„ ,g 

Fi + y- sup(Fi, . . . , F„), y > sup(Fi, ...,Fn)-Fi, ^ ' ^ 



i = 1, . . . , n, ?/ G M. Hence p.l5jl leads to 

/" - 1 
h{t) = sup > / — ^ — 

Lvenx'—^jR \y\ 
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{g{Fi{uJi), Fi{uJi) +y,..., Fn{uJi)) - g{Fi{uJi), Fi{uJi), F„(u;„))Vi((i?/) 

et\y\ - 1 

jen^ Jsup{Fi,...,F„)-F, \y\ 



sup 2^ / — 7-. — {Fi + y- sup(Fi, . . . , Fn)) Vt{dy), 

Jsup(Fi,...,F„)-R: \y\ 



n 

< 



poo 

J2 yie'^-lMdy). (3.6) 
i=i 

Note that in ()3.3p the constants and (3 can be computed in terms of the Lipschitz 
constant of g with respect to the £^-norm. This however does not lead to dimension 
free estimates. Next, we show, using ()3.2|) . that dimension free estimates can be 
obtained when g is the Euchdean norm on M". The other results of [9^ can similarly 
be generalized to the present framework. 

Dimension free inequalities for random vectors 

Dimension free inequalities for £^-Lipschitz functions of independent infinitely divisible 
random vectors with finite exponential moments have been obtained in Corollary 4 of 
P|. In the next proposition we extend this result to Poisson random functionals. 

Proposition 3.1 Lei / : M" ^ M he i'^-Lipschitz{c) , and let F = (Fi, . . . , F„) be a 
vector of independent random functionals. Let 

\DyF,{uj)\ . 
Pi= sup — ' z = l,...,n, 

yeY, wen^ \y\Y 

and assume that 

hit) = 8 max a/" lyWie'^'^'^^ - l)iy,{dy) (3.7) 



Y 



1=1,. ..,n 

2n 

{E[\F ^[F]\,]y 



1=1,.. .,n Jy 



is finite in t E [0,to)- Then 
p(/(Fi,...,F„)>E|/(Fi,...,F„)]+c 



2^VarFi + cxj < exp h-\s)ds^ 



(3.8) 

< X < /i(to )■ 



14 



Proof. Define : M" ^ M by 



x) = JE[\x-G\% 



where \x\2 is the Euclidean norm of x G and G is an independent copy of F. As 
in the proof of Corollary 4 in [H], we have 

E[\x-G\^\ Efc=iVarGfc 
Hence for 0(-F), Corollary 12.51 applies with 



h^{t) = snpJ2 —TTi iD^^,y)(|^iF{u)))\idy) 

i^mX'^JY lJi\y\Y 

^ sup > / — — 

c.en^'^iy Pi\v\Y 

(0(Fi, . . . , + . . . , - 0(Fi, . . . , F^){yj)fvi{dy) 

< 8 sup max / — — \DyFi{uj)\'^iyi{dy) 

< 8 max ft f |i/|y(e'*l»l'- - l)i^.{dy) 

1=1,. ..,n 

Z^fc=i Var Gfc ^ 
Finally, Corollary 12.51 with the bounds 



E[<P{F)] < 



2^VarGfc, 
\ fc=i 



and \f{x) - E[f{F)]\ < c0(x), yields □ 

The function h in ()3.7|) is bounded independently of the dimension n if {Fi, . . . , Fn) 
are i.i.d., since 

n min iE[\Fk\]y < (^[iFb])^ < n max F[|F; 



1 21 
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For the Euclidean norm of independent infinitely divisible random vectors with finite 
exponential moments, better results have been obtained in Corollary 3 of |9,. In the 
next proposition we extend this result to Poisson random functionals. 

Proposition 3.2 Let F = (Fi, . . . , F„) be a vector of independent random function- 
als, and let 

Pi= sup ^ , z = l,...,n, 

y&, a;GQ^ \y\Y 

and assume that 

h{t) = 8 max a/" |l/|y(e*^'l^l^-l)z/.(f/z/) 



i=l,...,n 

2n 



Y 

; max (3f [ |y||-(e*^'l^l^ - iMdy) 

■ 1=1,. ..,n Jy 



mm? 

is finite in t E [Ojto)- Then 

P{\iF,, . . . , F„)|2 > 2E[\{F^, FM + x) < exp ^ h-\s)ds^ , 
< X < h{t^). 

Proof. Let f{x) = {\x\2 — E[\F\2])'^ , x E . From ^ we have the inequality 

\f{x + ue,)-f{x)\'<8\u\'[^+ 2 xeM", ueR. 

Hence for f{F), repeating the bounds in the proof of Proposition 13. II we get 

hit) < 8 max Pi [ |?/|y(e*^'l^l^ - l^dy) 



(3.9) 



i=l,...,n 



Y 



Finally, using \x\2 - E[\F\2] < (|x|2 - E[\F\2])+ and E[{\F\2 - E[\F\2])+] < E[\F\2] 
gives dSini) for g{F) = \F\2. □ 

Similarly to Proposition l3.H the deviation result of ()3.9j) is dimension free if {Fi, . . . , Fn] 
are i.i.d. 

Next, we obtain a dimension free deviation for the Euclidean norm of a vector of n 
i.i.d. random functionals with bounded support. The non-identically distributed case 
is done similarly, while for single integrals it is in p. 
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Corollary 3.3 Let u = Ui = ■ ■ ■ = Un have bounded support in By{0,R), let (3 
/?! = ■ ■ ■ = (3n, and let F = {Fi, . . . , F„) be an i.i.d. vector. Then, for all a; > 0, 



P{\F\2>x + 2E[\F\2]) <exp 
where 



X 



X 



+ 



a 



a 



R 



113' + 



I3R \pR /52i?2 



log 1 



xf3R 



a 



R 



(3.10) 



iE[\F,\]y 



y\Yiy{dy). 



Y 



Proof. Apply Proposition 13.21 with 
Hit) < . 



.Jf3R 



|2 ( A \ ^ ~2 

^''^R~' 



\y\Yv{dy) < a] 



R mm' 

and compute explicitly the right hand side of ()3.9p . □ 

The following result yields an exponential integrability property, independent of n for 
the £2_norm of infinitely divisible random vector whose Levy measures have bounded 
supports. The non identically distributed case is similar. For independent infinitely 
divisible random variables an analog result is obtained in [0] . 

Corollary 3.4 Let F = {Fi, . . . , F„) be as in Corollary VJ. 'A then for all \, with < 
A < (3'^ R"^ / (eaj^) , we have: 



E 



exp 



PR 



logn 



A|F|; 

~Jr 



< oo, 



(3.11) 



with \ogj^ X = max(logx, 0), a; > 0. 

Proof Let A < P'^R^/{ea%). We have, using dSUHl): 



E 



exp 



PR 



log^ 



e^P 



X\F\r 

pR 
log^ 



PR 



X\F\r 

pR 



P yexp 
>y]dy 



PR 



log. 



A|F|; 

pR 



> t] dt 



< 1 



< 1 



< 1 + 



e^P 



log 



AIFI 



pR ° pR 



>y]dy 



P 



(3R/X 



PR 



log 



A|F|2 ^ X ^ Aa; \ 1 + log^ 
> — log 



- 



pR - pR ^ PRJ pR 



PR 



P{\P\2 > x)e^^°^i^log 



(3R/X 



Xx 
~PR^ 



dx 
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< IH e efR^fRlog 



X exp 



x-2E[\F\2] 
(3R 



+ 



R 



2 1^ JL. "+2S[|F|2] A(,.+2iS[|F|2]) 



P-f^ J l3R/\-2E\F\ 



X exp — 



+ 



I3R p^R^ 



log 1 + ^ 



upR 



a 



R 



log 



X{u + 2E[\F\2]) 



(3R 



du. 



It then suffices to study the dominant term in the above integrah 



u u 

f3R/X \PR PR 

oo / 

I U U 



log (l + ^)]e/^fe'°^(^+^)cin 



exp 



log- 



1 + uPR/aj^ 



Since 



I3R/X 



lim log 



\(3R (3R ^l + X{u + 2E[\F\2])/i/3R) 
1 + ul3R/a\ 



du. 



log— ^ > 1, 



™ ^l + \{u + 2E[\F\2])/{pR) 
for A < 13"^ R^ / {ea^) , the convergence of the integral follows from 

/ Ji u_ 



du < oo. 



□ 



Since aj^ given in Corollarv 13.31 does not depend on the dimension, the condition on 
A in the above corollary is also dimension free. 

Random vectors with non-independent components 

First, we obtain the following from Corollarv 12.61 

Corollary 3.5 Let f -.W be i^-Lipschitz{c) and let F = {F^, . . . , F„) such that 
Sj=i \'D{i,y)Rji^)\'^ — P ® i^iiduj, dy)-a.e., i = 1, . . . ,n, for some K > and 



< a' 



Then 



P{f{F)-E[f{F)]>x)<e^ + — \ , x>0. 



(3.12) 
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Proof. Note that since / is £^-Lipschitz(c) we have for G = f{F)'- 

= {f{F,{uj U {(z, y)}), . . . , F.ico U {(z, y)}),..., F^{cu U {(z, y)})) 

n 

< c'J2\F,{u;U{{^,y)})-F/ -^^^ 



[00 



n 



1 1 2 

So that |-D(j_y)G'(u;)| < cK and XlILi ||-^(«, )^(^) ||L2{y !/ ) — '^^^^) P{duj)-a.s., and 
Corollary 12.61 apphes to G. □ 

From Corollary 13. 51 we can derive an exponential integrability result for the Euclidean 
norm of a vector of arbitrary functionals on X = {1, . . . ,n}xY, provided z^i = ■ ■ ■ = z^n 
has support in By{0,R). This completes the sharper result stated in CoroUarv 13.41 
in the case of independent components. However, in the infinitely divisible case, it is 
slightly less sharp as Corollary 3 of 



Corollary 3.6 Let v = Vi = ■ ■ ■ = v^i have hounded support in By{0,R), and let 
F = {Fi, . . . , Fn) be a vector of n (non-necessarily independent) random functionals. 
Assume that 



\F>it,y)Fj{uj) 



\y?y 



< < oo, P <S) i^i{duj, dy) — a.e., i = 1, . . . ,n, 



and 



E \\Di^,y)FA^)\\hiY■,u.) 



< a'^ < oo. 



L°°(r2^,p) 



Then (ITTTIl holds forO<X< a^R^/a^: 

\F 



E 



exp 



< oo. 



(3.13) 



aR aR 

Proof. First, note that < a\y\Y < aR, since D(^i^y)Fj is zero for |?/|y > R, 

V being supported on _By(0,-R). We can thus apply Corollarv 13.51 and get 



P(/(F) - E[/(F)] > a;) < ( 1 + 
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X a 



X > 0, 



(3.14) 



which is (HTT^ with K = ai? and c = 1. Finally (nTTTHl follows from ^TWi as (nrTT|) 
follows from ()3.10p in Corollary 13.41 □ 

In the previous corollary, a is dimension dependent, unlike Corollary I3.4t so that 
the exponential integrability is not dimension free in the dependent case. As an 
application of Corollarv l3.5l we obtain an upper large deviation bound in the dependent 
case, for random functional with bounded support. 

Corollary 3.7 Let z/ := z/i = ■ ■ ■ = z/„ have bounded support in By{0,R) and let 
F = (Fi, . . . , Fn) be a vector of n (non-necessarily independent) random Junctionals. 
Assume that 



"ID F fcj) P 

I ^1 < ^2 ^ oo, P ® u,{duj, dy) - a.e., i = 1, 



,n. 



\y\Y 



and 



^ W{i,y)Fji^)\\hiY;u,) 

2J = 1 



< OO. 

Then for any i'^-Lipschitz{c) function f : R" R, we have 



\ogP{\f{F)\>x) ^ c 
lim sup < 



X log X aR 

When restricted to single Poisson integrals, the previous result recovers the upper 
estimate of Corollary 4 in [21] in which a deviation result is obtained for the norm of 
infinitely divisible vector with Levy measure having a bounded support. See also |i2] 
for related results in the framework of large deviations for Poisson stochastic integrals. 

4 Quadratic Wiener functionals 

The results of the previous section apply in particular to quadratic Wiener functionals 
since they have infinitely divisible laws, cf. ^7], and can be represented as Poisson 
stochastic integrals with finite variance. Note that exact estimates for the tail proba- 
bilities of (quadratic) Wiener functionals have been obtained in [TT], see also j3], jlSI, 
[TH] . |19j . Here we present dimension free results for norms of vectors of independent 
quadratic functionals. In this section we take X = R. 
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Second order Wiener integrals 

It is well-known (see e.g. ^7]) that every centered quadratic Wiener functional can 
be determined by a symmetric Hilbert-Sclimidt operator A : L^(]R_|_) L^(R_|_) 
with eigenvalues (afc)fcGN and a complete orthonormal basis of eigenvectors {hk)^^^ 
in L^(M+). In particular it can be expressed as a second order Wiener integral J2{f2) 
with respect to a standard Brownian motion {Bt)t<m+-, with 

J2(/2) = -$^aJ ^ h{t)dBtj -1 

where the series converges in L'^{Q^), and /2 has the decomposition 

^ oo 

converging in L^(M^). Note that J2(/2) is distinct from the double Poisson stochastic 
integral hifi)- The variance of J2(/2) is 



^ oo 

Var[J2(/2)] = ||/2||i.(i,.) = -$^4 



4 

fc=0 

In the sequel we consider a vector {Jl^fl), ■ ■ ■ , J2if2)) mutually independent sec- 
ond order Wiener integrals of /g,...,/^ G L^(M^) with respect to possibly differ- 
ent Brownian motions. Denote also by (a^)fcgN the eigenvalues associated to J2{.f2)i 
i = l,...,n. For each i = 1, ...,n, J2{f^ is infinitely divisible, integrable, and 
centered with Levy measure 

fe;4.>0 A;;aj.<0 

cf. Theorem 2 of ^Jj- Hence from J\{f^ has the representation 

/oo 
y(cu,,(rfy)-z/,(rfy)), (4.2) 
'CO 

as a single Poisson stochastic integral. Denote by 



max max a^, a_ = max max a^j, a = max max |a^|, 

^<i<nk,al>Q ^<i<n k,ai<0 l<i<n keN 
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the maxima of the spectral radii associated to </2(/2^), • • • , J2if2)- 
In the next proposition we apply Corollary 12.51 to obtain a deviation result for i^- 
Lipschitz functions of quadratic Wiener functionals. Note that Corollary 4 of ^ (or 
Proposition 13.11 applied to Poisson stochastic integrals) would yield dimension free 
deviation results when g is £^-Lipschitz, however with an additional range condition. 

Proposition 4.1 Let (^2 (/2 )'•••' '^2'(/2^)) ^ vector of independent second order 
Wiener integrals. For any i^-Lipschitz{c) function g: 



P{g{JlUl). • • • , ^2"(/2")) - EWlUl). • • • , J2Um > x) < exp ( - / h-\s)ds 
X > 0, where h^^ is the inverse of the function 



i=l fe=0 

Moreover, 



P{g{Jl{fl), • • • , ^2"(/2")) - E[g{JlUl). • • • , ^2"(/2"))] > ^) 



< e^P|-- + o ^"^ log 11 (4.3) 



2Er=iii/2 "^ 

1 / log3\ . I X X 



2 



Proof From Corollary O and (jOI), dHH), (IS3I), we have 

" POO 

hit) < cJ2 \y\ie'^^'^ - iMdy) 

i=l "^-oo 

n oo „oo n oo „o 

1=1 k=0 i=l fc=0 "^""^ 

"CO ....^2 T n oo ^^^^,^2 



2^ ^ I- ctai 2 ^ ^ 1 + ctal 

i=l k=0 1=1 k=0 1^ 



ly^y. Ctjajf 

2 1 - ct\ai\' 



i=l k=0 
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Then one can take 
and in this case, 



from which ()4.3p follows with explicit computations. □ 
Alternatively, and since lim^^oo h^^it) = 1/ (ca), we have for any e > 

< Ci(c, ra,£:)exp (-x((ca)"^ -£)) , (4.4) 

X > 0, for some constant Ci{c,n,e) depending on c, n and e. It follows that there is 
a constant C2(c, n. A) such that 

E[^m4U^),...,JS(m\] < C2(c,n,A) < oo, (4.5) 

for all A < l/(ac), and every £-'^-Lipschitz(c) function : M" ^ R. In fact, ()4.3p 
implies that for all A < -1 - ^"^^ ll/2lli2(K^), 



E 



exp ( -l|^(ji(/i), . . . , J-(f-))\ + Alog(l + WM), • • • , ^2"(/2"))l) 



< C3{c,n, 



for some (73(0,72, A) < 00. For the supremum of J2{f2)y • • • 5 ^2(12)^ which is a Lip- 
schitz function with respect to the £°°-norm, hence with respect to the £^-norm, the 
previous corollary can be strengthened by making use of ()3.5|) . 

Proposition 4.2 Let (J2 (/D) • • • 5 '^2(12)) vector of independent second order 
Wiener integrals. Then, 

PisMAifl), • • • , J2"(/2"))-^[sUp( J2'(/2), • • • , ^2"(/2"))] > ^) < (" h-\s)ds 

x > 0, where is the inverse of the function 

n 00 ±( i\2 



i=l k=0 
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Moreover, 




( ( log3\ . / X x" \\ 



x > 0. 



) 



) 



(4.6) 



Proof. Follow the lines of the proof of Proposition 14.11 starting from (j3.6|) instead of 



Note that in dimension one and for second order Wiener integrals, ()4.6|) above implies 
the upper deviation bound of [TH] (Example 5.1), since 

a+ = 2 sup (/2,/i® /i)i2(R^). 

Counterparts of ()4.4|) . ()4.5|) for sup(J2(/2)) • • • ? ^2(12)) '^^^ be derived in the same 
way. Our next result is a first lower bound. 

Proposition 4.3 Let (</! (A^)) • • • 5 •^2'(/2')) ^ vector of (centered) mutually inde- 
pendent quadratic Wiener functional. For any b G (0,1), there exists Xb > such 
that 



with a* = maXfcgN I < i < n. 

Proof. Let Fi, . . . , F„ be n independent random variables with respective distribution 

ID {nil, 0, z^i), ID{mn, 0, z/„). We have for x > 0: 



(El- 



□ 




P(|(Fi,... 



i^n)|oo>a;) > P(3z G {l,...,n} : \Fi\ > x) 
= 1 - P{\Fi\ <x, l<i<n) 



n 



l-l[P{\Fi\<x). 



i=l 



Writing 
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with 

POO pO poo 

K^i'^i) = / y^iidy), Fr{uji) = / yuji{dy), rrii = y^dy), 

Jo J —oo J —oo 



we have 



P{Fi<x) = / P{F^ <x + mi + y)dP{Fr ^-y) 
Jo 

/•oo 

< / P{uJi{[x + mi + y,oo)) = 0)dP{Fr = -y) 
Jo 

/•oo 

= / exp{-iyi{[x + mi + y,oo)))dP{Fr = -y). 
Jo 

Here, 

/•oo ^ /•oo ^-yla\ p-xla\ 



2x ' 



where j{x) ^^^oo g{x) means that \\ni^^+^ f {x) / g{x) = 1, and a\ = maxj. „i^>o 
A^^ = = a!,.}. Hence for all h' e (0, 1) there exists Xj,;/ > such that 

P{Fi <x)< exp ^-aViV;^^(l - 6') j , x > Xi,y. 
Similarly we have 

— ^ ^ /j» j 

with a!_ = maxjij ^i^^o kll A^i = #{^, «fe = — «-}• Hence Xj^^/ can be chosen such 
that 

P{Fi > -x) < exp I -alNi^^{l - b') \ , x> Xi,b', 



thus 



— X f ft* 

P{\Fi\ <x)< exp ( - ^^0 I , ^ > Xi,b'- 



For X > maxjxi^b/, . . . , x„ ;,/}. It follows that 



P(|(Fi, . . . , F„)U > x) > 1 - exp ^ '''~2^(^ " 
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and so for any b G (0, 1), there exists Xb > such that 

P(|(Fi,...,F„)U>x) > iziVaV^/''\ x>Xb. 

2x ^-^ 

□ 

Note that without the independence assumption on (^2 (/I)) ■ • • > ^2'(/?)); ^ similar 
argument leads to the estimate 



PiliJM), • • • , >/2 (/2"))loo >x)> a(l - 6)- 



2a; ' 

for any b G (0, 1) and x large enough. A version of Proposition 14.31 can also be stated 
for sup(J2(/j), . . . , J2{f2))- n = 1, and for second order Wiener integrals, this 
also implies the lower deviation bound obtained in Example 5.1 in 



Proposition 4.4 Let ( J2 (/I )> ■ • • 5 J2{f2)) ^ vector of independent quadratic Wiener 
Junctionals. For any b G (0, 1), there exists Xb > such that 



P(sup(Jj(/2^), . . . , J2"(/2")) > ^) > ^ E ^ > 



n 



i=l 

with a\ = max^jgj^^^i^^o '^L 1 <i <n. 

Proof. We follow the lines of proof of Proposition 14.31 Let Fi, . . . , F„ be n indepen- 
dent random variables with respective distribution /D(mi, 0, z/i), /D(m„, 0, 
We have for x > 0: 

n 

P(sup(Fi, . . . , F„) > x) > 1 - J] P(F, < x), 

i=l 

which leads to 



P(sup(Pi, . . . , Pn) > > 1 - exp 5^ - b') 

for X sufficiently large. Hence, for any b G (0, 1), there exists x^ > such that 

1 — 6 " 

P(sup(Pi, . . . , P„) > x) > Yl X > Xb. 

i=l 



□ 
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Without the independence assumption on (J2 (/2)5 • • • > J2W2)) S^t 

P{sn^{Jl{fl), J^iff)) >x)> a+(l - b)^^, (4.7) 

for any b G (0, 1) and x large enough. In the next corollary we derive an exact 
tail estimate for the £p-norm of vectors of independent quadratic Wiener functionals, 
recovering, in the special case of second order integrals, the result obtained in [2] for 
non-decoupled Gaussian chaos, see also 14^ Cor. 3.9]. 

Corollary 4.5 Letp G [1, 00], and let (J2(/2)? • ■ • 5 ^2(12)) be a vector of independent 
quadratic Wiener functionals. Then 

^.^ \0gPmUl).---.J2U2))\v>^) _ \ (48) 

Proof. For any b G (0,1), from Proposition 14.31 and Proposition 14.11 there exists 
Xb > such that 

(1 - E «^ ^ ^(l(4(/2), • • • , ^2 (/2"))|oo > X) 

4 = 1 



< P{\{4{f2),---,J2if2))\p>x) 



1/ /In 

' "p 

x-M '^Yl'^=i\\f2\\l2(^M.l) ( a{x-M) 



< exp| — + log 1 + 

" \ ^ Z^j=i II/2IIl2(k2_)_ 

X > max(x,, M), with M = E[\i.mf^), J^ifmi]- □ 

Note that for n = 1 and for second order Wiener integrals, the above result coincides 
with Theorem 2.2 of [5] (see also [TH] and [IH]), since a/2 is also the strong operator 
norm of the linear map canonically associated to /2, i.e. 

a = 2 sup |(/2,/i® /i)L2(R2.)|- 

II^IIl2(M+)=1 

A result of [S] states that 

j.^ logP(supfgK+ \Jm{fL)\ >x) ^ 1 

^^+°° X 2SUPtgK^ ||/4||i2(Km)' 

provided {Jm{fm))tm+ is a process of m-th order integrals with a.s. continuous sample 
paths (see also Remark 4.3 in [18j). It is clear that for n = 1, m = 2 andp = +00, fl4.8p 
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and (j4.9|) coincide. However, (j4.9p does not imply (|4.8|) . since as is well known the 
process {Jm{fm))tm+ cannot be jointly measurable and have independent components. 
For the supremum of (/2^), • • • , (/2') similarly have: 

Corollary 4.6 Let (J2(/2)? • • • ? J-iiH)) vector of independent quadratic Wiener 
junctionals, then 

^.^ logP(sup(J,^(/,^), . . . , J^{f^)) >x) _ 1 

Proof. Apply Proposition 14.21 and Proposition 14.41 □ 

A left deviation estimate for sup(J2 (/2)5 • • • , <^2 (/a)) can be independently obtained 
from 

n 

P(sUp(J2^(/2), . . . , J2"(/2)) < X) = n ^(4(/2) < X), 

k=l 

which can then be estimated from Proposition 14.41 or Proposition 9.17 of llj. Coun- 
terparts of ()4.6p in Proposition 14.21 as well as Proposition 14.41 Corollarv 14 . 61 and ()4.7|] 

can also be stated for the left deviation of inf(J2(/2)5 • • • , <^2'(/2))5 replacing a\ by a*_, 
i = 1, . . . ,n, and a+ by a_. Since 

a_ = -2 inf {f2, h (g) h) l2(^^2 ^, 



this will imply the one-dimensional left tails of ^Hl (Example 5.1). For an arbitrary 
norm 11 • 11 on M", we have 



\x\ 



i=n 
1=1 



< a; 1 max Cj 

l<i<n 



Hence, 



x^+oo X o maxi<j<^ ||ej 

Similarly, since ||x|| > c(n) |x|oo for some c(n) > 0, 



x^+oo X ac[n) 

For the Euclidean norm, we also have the following dimension free deviation inequality 
obtained from Proposition 13. 2l for an i.i.d. vector. The independent but non identically 
distributed case is similar with more notation. 
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Proposition 4.7 Let (^^(/z)) • • • 5 J-zif'^)) i.i.d. vector of second order Wiener 

integrals, and let b G (0, 1). Then, 

P{\{A{f2), . . . , m2))\2 - m\{Jl{f2), . . . , ^2"(/2))|2] > x) < e-(^-^)t+^^ X > 0, 

(4.10) 

and 

P(|(4(/2), . . . , J^{f2))\2-2E[\{Jl{h), . . . , J2"(/2))|2] > x) < e-^^-'')^, X > ^K,/„ 

(4.11) 

16 11/2 II '2(152^) , f2 1 \ 

= ^ . og. - 811 Alii,.,, (-^ + ^^^^1^) (1-6) 

^2|Il2(k2) /I 



(i^[l^2(/2)|])H 

Proof. Applying Proposition IH.2I with [3 = 1 gives 

^(l(4(/2), • • • , ^2"(/2))|2 - 2E[\i4{f,), . . . , J2"(/2))|2] > x) ^ (4.12) 

< exp ( — / h^^(s)ds) = min exp ( — tx + / /;.(s)(is), a; > 0, 

V Jo ^ 0<i<l/a V io ^ 

where 

h{t) = 45^/ (e*^-l)e-^/"'=ciy+ ^ / y2(e*^-l)e-^/'^'=ci|/ 

tl^io (^[|^2(/2)|J) ^^qJo 

afc>0 afc>0 



fc = ^ LI^-V.-ZU/ fc^o 

l^tR + (i?[| J2(/2)|])^ § '''''' ((1 - t|a.|)^ " 



16||/2||^2(k2) ta 8«ll/2|li2(K^) / 1 
- a (E[|J2(/2)|])2 [{l-tay~ 



Letting 



16||/2||^2(K2) 8||/2||^2(r2) 

yl = „ + and 5 + 



(i^[|^2(/2)|])^' 

we have 

^ /i(s)rfs < -A (log(l - to) +ta) + B (^ 2(1 -ta)^ ~ ~ I) 
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. , / N / . „N ^ tcL B (ta) 

-A log(l - ta) -{A + B)ta + B- ^ ^ 



[l-tay 2(l-to)2' 
Taking t = {1 — b)/a, the min in (j4.12|l is bounded by 

min exp ( — tx + / h{s)ds) < exp ( — (1 — 6) — + Kb] , 

0<t<l/a V JO ^ ^ a / 

where 

l-b (l-b? 

K, = h{s)ds = -AXogh- {A + B){1 -h) + B-g^ - B^-^^, 
and (ICTlll follows. Taking t = (1 - b/2)/a in KT^ yields 

min exp f - tx + / /i(s)rfs) < exp f - (1 - 6/2)- + irfc/s) < exp f - (1 - b)-), 
o<t<i/a \ Jq / V a / V a/ 

a: > x^V2' and (H1T| follows. □ 
Note that the growth of ii'fe is in 1/6^, as 6 — > 0. 

Square norm of Brownian paths on [0, T] 

An example of quadratic Wiener functional for which the coefficients {ak)k£'N can 
be explicitly computed is given by the (compensated) integrated squared Brownian 
motion 



42^2 



on the interval [0,T]. In this case, from ^Oj or §3.1.1 of p!7], we have — (2fc_|_i)2^2 , 
A; > 0, and the above results apply with a = and 



rp2 



k 



k=0 



Letting (l)]., . . . , f)^) be a vector of i.i.d. copies of i)T, Proposition 14.11 states in this 
case that for any £^-Lipschitz(c) function g : MJ^ M: 

P{g{i)}r,...,i)^)-E[g{i)}r,...,l)^)]>x) 

tt'^x rnr'^ , / 8a; 



< exp I — — — — + log I 1 



4cT2 32T2c ''V nn^ 
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, , log3\ f Tl^X W 



and for all e > 0: 

P((7(f)^, ...Xt)- EWt. • • • , [)t)] >x)< Ci(c, n, T, e) exp {-x{ny{4cT^) - e)) , 
X > 0. It follows that 

^^gA|g(f,^,...,f,^)l] < C2(c,n,T,A), 

for all A < 7r^/(4cT^) and some constant C2(c, n,T, A) < oo. For any b G (0,1) we 
also get the lower bound 

P(|([)^, ...,rT)\oo>x)> nil - 

for X sufficiently large, and from Corollary 14.51 

\ogpmh---,rT)\p>x) vr^ 

For the Euclidean norm and from Proposition 14 .71 we again have dimension free 
deviation inequalities: for any b G (0, 1), 

P(|([)^, . . . , f)?;)|2 - 2E[|([)^, . . . , f)^)|2] > a;) < exp (^-^^^i^^x + K.^ x > 0, 
and 

P(|(f3^, . . . , f)J)|2-2P[|(f)^, . . . , [)J)|2] > x) < exp , X > ^K,/„ 

where 

- ^logfe ^ V8T^ + (P[|[)r|])2j ^ + 2(E[|f)T|])2 62 • 

Sample variance of Brownian motion on [0, T] 

A second example is given by the (compensated) sample variance of Brownian motion 

= £ (^Bit) -^1^ B{s)ds^ dt-^ 
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on the interval [0,T]. From jTU], or §3.3.1 of [T7j, = k > 1, = 0, a = ^ 

and 

fc=i 

Letting (o^, . . . , D J) be a vector of i.i.d. copies of Vt, we have from Proposition 14.11 
that for every £"^-Lipschitz(c) function (7 : — > M: 

P(^?(0l.,...,t)^)-E[(7(0^,...,t)^)]>x) 
< exp — — - + — — - log 1 



cT^ 6T^c V nn 



/ / log3\ . fn^x 6x2 XX 

and for all e > 0: 

P((7(o^, . . . , 0?;) - . . . , 0?;)] > x) < Ci(c, n, T, e) exp {-x{ny{cT') - s)) 

X > 0. It follows that 



^[gA|5(4.-."?)l] < C'2(c,n,T,A), 

for all A < 71^ /{cT^) and some C2{c,n,T, A) < 00. For any b G (0, 1) we also get the 
lower bound 

P(|(D^, . . . , d^)U > x) > nil - b)^,e-^^''^\ 
for X sufficiently large, and from Corollarv 14.51 

li,„ '°g^(IW.-.''r)l,>x) p , |i_ 

From Proposition 14.71 for any h G (0, 1): 
P(|(D^, . . . , o^)|2 - 2E[|(D^, . . . , t)?;)|2] > x) < exp (^-!^!^i^x + iT,^ , x > 0, 



and 

P(|(0^, . . . , 0^)|2 - 2E[|(0^, . . . , 0^)12] > x) < exp , X > 5^i^6/2, 



where 



ir, = -TT^^logfe-— — + — -— (1-6) + 



3^2 « 3 (^[|Ot|])V 6(P[|0t|])2 62 
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Levy's stochastic area 

Let {B^(t), i?^(t))tg]R^, be a two-dimensional Brownian motion. Levy's stochastic area 
St on [0, T] is 

St = 11^ {B\t)dB\t)~B\t)dB\t)), 

cf. [in]. For 5't, the expression of the coefficients {ak)km is intricate (see fZ]), hence, 
we can not directly specialize the results of Proposition 14. H 14.71 and Corollary 14.51 in 
that case. However, since the Levy measure of St has the analytic expression 



(cf. page 175 of [T^, §3.2.1 of fTT] or Example 15.15 of [23]), we can derive results 
similar to the ones obtained for general second order Wiener-Ito integrals. 

Proposition 4.8 Let (7 : M" ^ M £^-Lipschitz(c) , and let (S^, . . . , 5*^) be an i.i.d. 
vector of Levy's stochastic areas on [0, T]. Then, 



PigiS'x,...,SJ^)-E[g{S'T,...,S^)]>x) < + ^) exp (- 



Proof. Using the representation of St as the compensated Poisson stochastic integral 



y{iu{dy) - u{dy)) (4.14) 
and (j3.4j) derived from CoroUarv 12.51 we have 

/>oo 

h{t) = no |l/|y(e*"l^l^ - iMdy) 



'OO 

00 

nc I |i/|y(e*'=l^l- - l)———dy 

2y smh -f 

^tcy _ I 







TT 







AncHT 
n[-^ — ct) 
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using the inequality 



< !^e("-'')"/^ X > 0, (4.15) 



for < u < V. Hence 

□ 

The above resuh can also be obtained from Theorem 1 in in place of ()3.4j) . Alter- 
natively, we have lim^^oo ^^^(i) = 7r(cT)^^ since limf^^(cT)-i h{t) = +oo. Hence for 
all e > 0, we also derive as in (j4.4j) 

P((7(4, ...,S^)- E[g{S'^, . . . , ^^)] > x) < C^{c, n, T, e) exp {-x{n{cT)-' - e)) , 

X > 0, for some constant Ci(c, n, T, e) depending on T, c, n and e. This last inequality 
is not dimension free. Nevertheless it yields 



E 



^X\g{S^,...,SJ^)\ 



< C2(c,n,T,A) < oo, (4.16) 



for all A < 7r/(cT), and every £^-Lipschitz(c) function g : W' ^ M. 
Proposition 4.9 Let p > 1. For all b G (0, 1) there exists Xf, > such that 

P(|(4, . . . , 5^)|oo > x) > (1 - 6)^^ , X > Xb. 

Proof. Given n i.i.d. random variables Fi, . . . ,Fn with distribution ID{m, 0, u), we 
have from the proof of Proposition 14. HI 

P(|(Fi, . . . , F„)|oo > x) > 1 - (P(|Fi| < x))", 

while for u given in ()4.13|) we have the equivalence: 



hence for all h' G (0, 1) there exists Xi^y such that 

P{\F,\ < x) <exp (-{1-b') j, x>Xifi>, l<i<n. 

Thus for X large enough, 

P(|(4, . . . , ^?)U > x) > 1 - exp (^-(1 - &) j . 
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□ 



The corollary below is a direct consequence of Proposition 14. 81 and Proposition 14.91 It 
recovers a univariate result of jS] and extends it to £^-norms of i.i.d. random vectors, 
independently of their dimension. For non identical variables S^_^, . . . , S^^, replace T 
by maxi<fc<„Tfc. 

Corollary 4.10 Let p e [l,oo]. Then, 

logP(|(^j.,...,^j^)|,>x) 

Note that from the above results we have a = T/tc and YlkLo^l — T"^/^- Moreover 
as a consequence of Proposition \^.2\ we have: 

Proposition 4.11 Let | ■ I2 denote the Euclidean norm on and let h E (0, 1). We 

have 

P(|(4, . . . , S'?)|2 - 2i?[|(4, . . . , S?)|2] > x) < exp ( - ^^^x + iTfc), X > 0, 

(4.17) 

and 

P(|(5^, . . . , 5?)|2 - 2P[|(5^, . . . , 5^)12] > x) < exp ( - ^^^x), X > ^ir,/2, 

(4.18) 



where 



16T2 (1 - 6)^ 

iTfe = -321og6-32(l-6) . " ^ ^ 



Proof. Since for F given in ()4.14j) . (3 = 1, from Proposition 13.21 and ()2.f)|l . we have 
P(|(S'^, . . . , 5^)|2 - 2E[|(5^, . . . , 5^)12] > x) < exp ( - tx + ^* /i(s)rfs 

for all X > and < t < vr/T. From ()4.15p we have 

r , 10 sinh 4 r , ,0 sinh 

y I T ^ 



TT 



16tT /"^ y,. .^ , 4tr 



^ 32T (tT/vr) ^ 32T3 (tT/vr 



TT l-(tT/7r) 7r3(E[|5i|])2(l-(tT/7r))3^ 
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hence 

P{\{Si., . . . , SJ)|2 - 2B||(S^,, . . . , S})\,] > x) (4.19) 
< exp (-<x - 32((ff/.) + log(l - (tTM)) + (i 'f^lrMr ) ' 

For all b G (0, 1), (jOTjl follows by taking t = (1 - b)7T/T in and (prTR|l is a 

consequence of ()4.17j) where b is replaced with 6/2. □ 

5 The infinite variance case 

In deviation results have been derived for Lipschitz functions of stable random 
vectors. In this section, we extend these results to general Poisson functionals under 
arbitrary intensity measures. Deviations are now given with respect to a median rather 
than to the mean (which may not exist). For A in B{X) (the Borel cr-field of X), let 
i^rIA) = v{A n -Bx(0, -R)), where denotes an arbitrary fixed point in X. The proofs 
of the forthcoming results are inspired by that of Theorem 1 in : configurations are 
truncated and we will use the following notation on the configuration space. For a 
fixed i? > and any uj G VL^ ^ let 

cjfl = cun5x(0,i?), uj% = ujr\Bx{(),RT = {x : dx{0,x)>R}. 

Given a stochastic functional F on the configuration space, we also set 

Fr{uj) = F{ujr) = Fiu n 5x(0, R)), 

and denote by 7 a non-negative and non-increasing function such that 

P{{ujen^ : cunBx(O,i?)V0}) <7(^), 

for all R large enough. The next Lemma will be used in the sequel. It allows to 
control m{FR) — m{F) as in 0. 

Lemma 5.1 Let F be a stochastic functional on the configuration space such that 
there exists a non-negative and non- decreasing function (3 (resp. non-increasing func- 
tion 7^ defined on M+, such that for all R greater than a given Rq: 

P{Fr - m{FR) > P{R)) < 7(i?). (5.1) 
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Then we have 

m{Fn)-m{F)<P{R), (5.2) 

for all R such that 

R > max |^i?o,^^mf ^^max (^-f-\5),T^ ~ '^))) " ^^'^^ 

Proof. The case m{F) > m{Fji) being trivial, we consider henceforth m{Fii) > m{F). 
Let < 6 < 1/2 and assume 

R>-f-\6). 

We have 

0<l-5 < l-i{R) 

< P{F <m{F)) - P{{uj : uJr ^ ^}) 

= E[l{F{uRUuj^^)<miF)} - l{a;|j7^0}] 

= P{FR<m{F)) 

= P{Fr - m(F^) < m{F) - m{Fn)) 
= P{-Fr - mi-Fa) > m{FR) - m{F)), 

where we used the fact that —m{Fji) is a median of — -Fr. Consider the decreasing 
function 

HR{x) = P{-Fn-m{-Fn)>x), xeR, 
and let lR(y) = sup{2 > 0, Hr{z) > y} denote its inverse. We have 



{FR)-m{F)<lR{P{F<m{F))-P{{ujen'' : uj^, ^ ^)) < I r(^- - d) . (5.4) 



Assume further that 



fl>7-(i-« 



From ()5.1|) applied to — -Fr, we have 

HnCm)) = P{-FR-m{-FR)>P{R))<^{R)<^~6, 
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that is finally Ir - 6) < (3{R), and from (lOD : 

□ 

The next result provides a general deviation property for stochastic functionals with 
infinite variance on Poisson space. 

Theorem 5.2 Let F be a stochastic functional on the configuration space such that 
there exists a non-negative and non- decreasing function [3, defined on M+, and a con- 
stant C > such that for all R greater than a given Rq: 

(i) sup^gB^(o,R) \DyF{uj)\ < P{R), P{duj)-a.s., 

(^^) \\DF\\U^^x^,.^^^)^<C(3\R)^{R). 

Then 

P{F - m{F) > x) < (1 + Ce)7 o (3-\x/A), 

for all 

Proof. Configurations are truncated to deal on the one hand with the functional 
restricted to the truncated configuration and on the other hand with the rest of the 
configuration which is controlled using the function 7. We have 

P(F-m(F)>x) = P{F -m{F) >x, u% = iD) + P{F -m{F) >x, u'ji^iD) 

< P{FR-m{F)>x)+P{{ujen^ : 00%^^})- (5.5) 

For the first term, in order to apply ()2.1()j) in Corollarv l2.4l (which provides a deviation 
result from the mean rather than from a median), let 

g{x) = (x — m{FR))^ A r, a; G M. 

Then E[g{FR)] < rP{FR > m{FR)) < r/2. Moreover if Fr > m{FR) + r then 
g{FR) > g{m{FR) + r) > r, hence 

{FR>m{FR)+r}c{g{FR)>r}, 
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and 

PiFn - m{FR) > r) < P{g{FR) >r)< P{g{FR) - E[g{FR)] > r/2). (5.6) 
On the other hand, g{FR) satisfies 

Dyg{FR){uj) < \g{FR{uj U {y})) - g{FR{uj))\ < \Fr{uj U {y}) - Fr{uj)\ = \DyF{uoR)l 
since (7 : M ^ R is Lipschitz(l). Thus 

sup Dyg{FR) < (3{R) and \\Dg{FR)\\l^^^. ^^.^^^^^ < C^{R)(3{R)\ 

and from ()5.6|) and Corollary 12.41 we get 
and taking x = 2(3{R) we have: 

1 



P{Fr - m{FR) > 2(3{R)) <e[l + j < eC^iR), (5.7) 

and from Lemma [5. II with f3{R) = 2(3{R), 7(-R) = Ce'y{R) and condition 1)5.11) given 
by ()5.7|) . we get: 

m{FR)-m{F)<2f3iR), 

i.e. using ()5.7|) : 

P{Fr - m{F) > A(3{R)) < P{Fr - m(F^) > 2(3{R)) < Ce ^{R), 
i.e. for X > 4j3{R), we have 

P{Fr - m{F) > x) < Ce 7 o (^^) , (5.8) 
under condition ()5.3|) which can be rewritten in terms of x as 
X > max (^2[3{r\S)), 2/? (^7"' Q - 

i.e 

7o/?~i(x/2) <minU, 7^ ( ^ - 5 



Ce V2 
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The optimal bound with 5 G (0, 1/2), being obtained for Sq = — -7^ G (0, 1/2), 

i.e. the condition on x becomes 



The estimate ()5.8p . together with 



P({u;Gfi^ : ^ 0}) < 7(^) < 7 ° ( 



gives 



P{F - m(F) > x) < (Ce + 1) 7 o (^^' 
using (j5.5p . under the condition (j5.9j) . □ 
Note that in the hypotheses of Theorem 15.21 it is sufficient to assume 

sup \DyF{uii)\ < (3{R), P{duj)-si.s., 

y&Bx(0,R) 

and 

instead of (i) and {ii). The next corollary presents a particular and more tractable 
case of Theorem 15.21 

Corollary 5.3 Let F : fi-^ M, and let 

j{R) = 1 - e-"«^^^ ■■ ^^(o,y)>i?})^ ^ > 0, 

and assume that 

sup \DyF\<C'R and \\DF\\l^.^x ^2,,.. < CR^-f{R), 

yeBx{0,R)<R y ' y >J 

for allR>Ro>0. Then 

x>2 C'-f-^ 



PiF-miF)>x)<{l + ^y{^) 



2(l + eC/(C")2) 
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On R" equipped with the Euchdean norm | ■ I2, consider an £^-Lipschitz(c) function 
/ : M" — > M and a ra-dimensional infinitely divisible random vector F = [Fi, . . . , Fn) 
without Gaussian component and with Levy measure u. Let us apply Corollarv 15.31 
to the random functional G = f{F), where F is given as in (|1.3|) by: 



Vk i^^idy) - iy{dy)) + yu uj{dy) + bk 

{\y\2<i} J{\y\2>i} / i<k<n 



For the gradient, we have ii y ^ u: 
\DyGiLu)\ = |G(^U{y})-GH| 



= / / u{iu{du) - i^{du)) + iu{du) + y + b] - f{F) 

\-'{|m|2<i} -'{|«|2>i} 

< c\y\2, 



since / is £^-Lipschitz(c), and we obtain \DyG{uj)\ < cR, for \y\2 < R. In this case, 
for G = f{F) the conclusion of Corollarv 15.31 reads 

P{G - m{G) > x) < (1 + Ge) (l - exp (^-u G : 



: M 2 > 



X 



(5.10) 



When j[x) = \x\2 is the Euclidean norm on M", Lemma f5.4l below also yields a lower 
bound on P(|F — m|2 > x) which has the same order as the upper bound ()5.1U|) . 

Lemma 5.4 Let F be an infinitely divisible random vector ID{b, 0, u) in M", with 
median m G M". Then 



P{\\F - m|| > x) > ^ (1 - exp(-z/({M G 



|m||>2x}))), x>0, (5.11) 



where || ■ || denotes any norm on M". 

Proof. We start by assuming that F is symmetric with median 0. Then, since F can 
be taken to be the value F{1) at time 1 of a Levy process (-F(t))o<t<i starting from 
-F(O) = 0, we have from Levy's inequality: 



PfllFll > x) 



P 



J2fI^]-f^'''' 

k=l 



n 



n 



> X 



> -P max 

2 \l<j<n 



J -I 



n 



> X 
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Hence 



PfllFll > x) > liminf -P ( max 

i<j<" 

> -P ( liminf max 

n^oo l<j<n 



F ( ^ 

n 

F ( ^ 

n 



> 



2 v^e[o,i] 
1 



max \\F(s) - F(s^ 



-F 
-F 

> X 



J-1 
n 

n 



> X 



> X 



> -(1 - exp (-z/{m G R" : > x})), 



(5.12) 



where (j5.12|) is a ra- dimensional extension of Ex. 22.1 in [22], which relies on the fact 
that if uj on x has a jump of || ■ ||-norm greater than x, then max^gjo,!] — 
> X. In the general case where F is not necessarily symmetric we apply the 
above to F — G, where G denotes an independent copy of F, and use the inequality 

P{\\F - m\\ >x) = ^PiWF" - m\\ > x) + ^P{\\G - m|| > x) > ^P{\\F - G\\ > 2x). 

□ 

We now present several examples of Levy measures u for which the function 7 can be 
explicitly computed, and where F has infinite variance, i.e. J-^n WuW^^idy) = oo, but 
where f{F) satisfies the above hypothesis for / an £^-Lipschitz(c) function. 

1. Let M" \ {0} be equipped with the measure given for B e ;B(R'^ \ {0}) by 



Js"-^ Jo ^ 
where a is again a spherical finite measure. Since 

/ \y\lv{dy) = < 00 

J{\y\2<i} 

and 



(5.13) 



K{N2 > 1}) 



logr| 



dr < 00, 



V is a, Levy measure. Moreover /{|y|2>i} \yW''^{dy) = 00, hence F has infinite 
variance. As before: 

I log f I 



Piiooen'' : 00%^^}) = 1-expf / a{dO [ 



-dr 



{H\2>R} ^ 
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= 1 - exp 

R 



Thus, choose 7(i?) = 2a(^"-^)i^. On the other hand, 

^ll?yl2<i?J 



-c2 



/ ^{di) / logriir + c^ / cr((i^) / log rdr 
cV(5"-^)(i?logi?-i? + 2) 



< c'W-i{R)/2. 

2. Let X = M", with the finite measure v given for B G ;B(]R") by 

1.(5) = / cr{dO / IbK)— 7=-c?r. (5.14) 

We have 

/ \y\li^{dy) = ar{S-'') / ^^rfr < oo, 

^{|y|2<i} -'0 V27r 

so that z/ is a Levy measure. The infinitely divisible random variable given by 
the Poisson stochastic integral in (jl.3p is thus another example of a random 
variable without finite variance since 



/ \y\l^{dy) = oo. 

J{\y\2>i} 



Once more: 



Pico], ^0) = 1 - exp I - / aidO I ^-TT^dr 



-l/(2r2) 



S"-i J{H\2>R] T^v27r 



R 



(t(S"^"-^) 

Choose 7(-R) = — ■;= — . Moreover, 
V2^R 



< c' / \y\iMdy) 

Jb{o,r) 
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R -l/(2r2) 



R -l/(2r2) 

< cV(5"-^) / dr 

\/27l 







poo -mV2 j 



1/R 



/ Dp-l/(2i?,^) /-oo -«2/2 



3. The above deviation results for /(-F) with F as in ()1.3p a stable or an infinitely 
divisible random variable, and with Levy measure either given by ()6.ip or ()5.13|] 
or ()5.14|1 . continue to hold after minor changes for Holder continuous functions 
of order < /i < 1. Indeed, for such a function / we have 

\Dyf{F)\2<c\y\^^<cR\ \y\2<R. 

For instance in the case of the Levy measure ()5.13|) we have 

Jo 



Jo 



R 

2/1-2 



r I log r I dr 



,2„/'Cn-l^ /•! pR 

r'^^~'^ log r dr + / r^^~^ log rrfr 
ii 



2 

„2_/ on-1 



2/1-1 (2/1-1)2 (2/i-l)2 2/i + iy 

We can thus apply Theorem 15.21 to G = f{F) with (up to multiplicative con- 
stants) the functions: 

f3{R) = R\ and ^{R) = 

R 

A similar computation yields in the case of the Levy measure (j5.14j) : 

J{\x\2<R} 
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\/2tt Js"-'^ Jo 



D2fc-1 -l/(2i?2) 



{2h-l)V27v 

Once more, Theorem 15.21 applies here, in the Holder continuous case, with up 
to multiplicative constants, 

-l/(2ij2) 



p{R) = R\ and 7(i?) 



Before turning to the case of stable intensity measures in the next section, we prove 
the following lemma for a general intensity measure which is a generalization of 
Lemma 2 in [Zj. 

Lemma 5.5 Let F : — > M and a^-, as, 04, K > ^, such that 

(i) iiw^yf^x \DyF{'^)\ ^ K < 00, P{duj)-a.s. 

(11) Pi^||ioo(ox,i.(^)) <ak<QO,k = 2,3,4. 
Assume moreover 0^3 < 2a4,/K and K'^a2/ai > 2. Let sq be the (unique) positive 



solution of 

Let Xq = 3so(a;2 — 04/^^). Then for all x < Xq, 

P(F-E|Fl>.)<exp(-^^j-^^). (5.16) 

while for x > Xq, 

PiF - EIF] > .) < A-oexp - (| + |i) log (l + |;^)) . (5.17) 



with 



Ko = exp (^-- H- + _j log (^1 + — j - 



Xn 



(5.18) 
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Proof. From Proposition 12.21 we have 

P{F - E[F]>x) <exp(^- h-\s)ds^ , < x < hi^) (5.19) 
with h given in ()2.2j) . Using the bounds \DyF\ < K and 

e"" - 1 < SM + —u^ + —u^, 0<u<K, s>0, (5.20) 

we have 

M^)< sup / (s|D,F(^)||D,F(.;')l + vl^J'^HH^^^(^')l 

'^^\D,F{u;)\'\DyF{uj')\Udy) 



^2 



< s sup / \DyF{uj)\\DyF{uj')\v{dy) + ^- sup / |D,F(o;) ^^.^(a;') |z/(ci2/) 
e"-^ - 1 - sir - 



sup / |D,F(cu)|=^|D^F(u;')k(^^l/)- (5.21) 



Using the inequahty xy < x^ /p + y^/q for p ^ + q ^ = 1 and x,?/ > 0, we have for 
p = q = 2: 

sup / \DyF{uj)\\DyF{uj')\u{dy) 

< i sup / \DyFiLu)\Mdy) + l sup / \DyFiLu')\^iyidy)<a2, 
for q = 3: 

sup / \DyF{u)\'\DyF{u')\u{dy) 

< ^ sup / \DyFico)Mdy) + ^ sup / \DyFiuj')\'uidy) < a^, 
and similarly for g = 4: 

sup / |D,F(a;)|3|D^F(^0l^(^2/) 

< ^ sup / \DyF{u)\Mdy) + ] sup / \DyF{u')\Mdy) < a,. 
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From (j5.2H) we get 



h{s) < sa2 + —OLz H ^4 

Since we assume 0:3 < 2ai/K^ the second summand in the right-hand side of ()5.22p 
is bounded by the third one for all s > 0. We may now end the proof as in Lemma 2 
of P: 



h{s) < 3max^s^a2 

= 3max(^s(^«2--^j,-^(e - 1) 



where Sq is the unique positive solution of (j5.15|) which is well defined since K'^a2l > 2. 
Hence, for xq = 3so (02 — cxa/K"^), 

t 



for < t < Xq, 

which yields (jKTTHIl and (jKTTj) from ^J^. □ 

Lemma f5. 51 will be used in the proof of Theorem 16 . II below to obtain a deviation result 
under a-stable Levy measures for all value of a G (0, 2). The following lemma applies 
only for a > 1, but will yield a slightly better range condition in Theorem 16 .21 and is 
stated without boundedness assumption on 4th the order moment. 

Lemma 5.6 Let F : Q-^ — > M and 02, as, K > 0, such that Ka2 > 2^3 and 

(i) Pi^|lioo(nx,i2(,)) < a2 < 00, 

(11) ||^i^||ioo(f^x,i3(,)) < as < 00, 

(Hi) sup^gjj^ \DyF{ijj)\ < K < 00, P{duj)-a.s. 
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Denote by Sq the unique solution of 



sK 0^3 

Let also xq = 2so(a;2 — a^/K). Then 

P{F - E[F] >x)< exp (-- , < X < xo, (5.23) 

and 

P{F -E[F]>x)< K, exp (f - + 2^) log (l + ^) ) , - > -o, 

(5.24) 

with 

A„ = exp f-.„/A- H- f + log f IH- - "° „.J ■ (5.25) 



K J ^\ 2^3 y 4(^2 -tts/^)/' 

Proof. As in the proof of Lemma 15.51 apply Proposition 12.21 with h given in ()2.2|] 
and bounded by 

h{s) < sa2 H ^3. 

using 

e- _ 1 < + u\ u E [0, K], 

instead of (jOn|l . We get 

/.^wo \ / 2s(«2-«3/i^), s<so 

his) < 2 max l^s (a, + -) , -^a, J < | ^(e^K _ ^^^^/^^^ , > 

which allows to conclude as in the proof of Lemma 15.51 □ 

6 The case of stable Levy measures 

Let 0<q;<2,X = M" and the stable Levy measure given by 



oo 

-1-a, 



p{B) = / a(rfO / iB^y-'-'^dr, B E B{W), (6.1) 

Jo 

where a is a finite positive measure on S*""^, the unit sphere of M", called the spherical 
component of u. We have 

P{{ujEQ^ : cj^^0}) = 1-P{{ujEQ^ : cu^ = 0}) 
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1 - exp ( - / iy{dy) 

'{\y\2>B.} 



1-exp / a{dO 



dr 



5"-i J{H\2>R] ^ 



\ a 

< (6.2) 



Thus we can take 



in Theorem 15 .21 Let / : R" — R be £^-Lipschitz(c). In case F is a stable random 
variable represented by a single Poisson stochastic integral of the form p.3p . we have 
from dni: 



J\\y\o<K\ 



{\y\2<R} 

= j (y{di) [ r^-^dr 
Js"^'^ J{H\2>R} 

2- a 
2 — a 

hence Theorem 1 of [7] is recovered taking (3{r) = cr and C = 2/(2 — a) in Theorem 
Ea i.e. 

Pirn - m(/(F)) > x) < + ^) (£) , (6.3) 

for all X such that 

1 



X > 2c-f-\2 -a)> 2c7"^ 



_2(l + 2e/(2-a))^ 

where F is a stable random variable with parameter a. The constant in front of x~" 
in ()6.3|) explodes as a goes to or to 2. In fact, as noted in |T, the dependency in 
of the constant is sharp as a goes to (take for example a symmetric a-stable random 
variable). This explosion does not occur however when a goes to 2, and the aim of 
the next result is to provide a deviation bound with such a non-exploding constant, 
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for general random variables on Poisson space under a-stable intensity measures. The 
proof relies on Lemma f5. 51 and in the particular case of stable random variables, this 
result also improves Theorem 2 of by allowing a to be arbitrary. 

Theorem 6.1 Let a E (0, 2) and F : ^ R such that 

\DyF{uj)\ < c\y\x, P{duj) (g) u{dy)-a.e., 
with c > 0. Then we have 

P{F - m{F) >x)< a{S-') Qe^ + (6.4) 

for all 

. > 4c.(5»-)V. ((I (l + ^.og^) log (l + ^,og^)) V 1 V 

(6.5) 

Proof. Using the notation of the proof of Theorem 15.21 we have 

Dyg{FR){u) < \DyF{ujR)\ < c\y\x, P{,duj) ® u{dy) a.e., 
where g{x) = (x — m{FR))^ A r. Thus 

sup Dyg{Fji) < cR, P — a.s., 

S/GBx(0,R) 



and 



We now apply Lemma [5.51 to vr and Fr with 



1/0 



4-a 

2 — a 3 — a A — a 



Using ()5.(jj] . equation ()5.15|1 reads 



¥p(sci?) := e^^^ - ^ -1 = 0. 

2 — a 
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Since for all a e (0, 2), (p(\og ^) < and ip{2 log > we have 

2 2 
log < sqcR < 2 log ■ 



2- a - - °2-a 

, , / a4\ 6cV(^"-i)i?2-" 

so that tor xq = Ssq a2 — = —, rr- ^so, we have 

V K^/ (2 — a)(4 — a) 



(2-a)(4-a) 

ca(5""^)/?i-"— ^log-^ <xo< ca(5"-i)i?i-"-^log-^. (6.6) 
2(2 — a) 2 — a 2 — a 2 — a 



For 



12c2a(5"-i)i?2-" 
(2 — a) (4 — a) 



we get from Lemma f5. 51 



P{Fn - m{FR) >r)< P{g{Fn) - E[g{FR)] > r/2) (6.7) 

f r { r ^ a(^""i) \ , A (4 - a)r 

< i^oexpN— - — - + 3-^— ^ log 1+ ^ ' 



y2cR \2cR {4-a)R"J ^\ Qa{S''-^)cR^~'' 
with from (IHTT^ and 



exp + ^ + St^ log 1 + ' 



cR \cR {4-a)R"J \ ?,a{S'^-^)cR^-^ J l2a{S''-^)c^R'^ 
< exp I ' ( 1 + 7^ log ) log ( 1 + log 



2R<^ V 2-a "2-aJ °V 2-a °2-a 
Hence under the condition 

"3(l + ^log^)log(l + ^log^) ^ 



we get Kq < e and 

2xo < 12ca(^"-^)i?^-"7^--^log ^ 

< 4ci? 



2- a 2- a 

2 1 2 
23^ log 23^ 



(1 + 2^ log 2^) log (1+2^ log ^) 



i.e. r > 2xo with r = 2cR. Then from ()6.7p and Kq < e we get 
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2 / (4-a)^y^ 
^ ^ 3a(5"-i) J 



< e 

3eV(g"-^) 
(4 - 



< 



< ^ (6.9) 

= ^e2a7(i?), (6.10) 

as long as ()6.8|1 holds. In order to control P{Ffj — m{F) > x) from ()6.9|1 . we need 
to control m{F^) — m{F). For this we apply Lemma l5.ll with l3{R) = 2cR, 'j{R) = 
|e2a7(i?), 

^0 = 7;^{S-') + - log log 1 + :^ log 

\2 \ 2 — a 2 — a / \ 2 — a 2 — a 

and ()6.in|l . This yields, with x = AcR: 



m{FR) - m{F) < x/2, 

and 

P{Fn - m(F) > a;) < P{Fn - m{Fn) > x/2) < ^eV(5"-i) (^^^ , 
provided 

R > max (^Ro,7-\5),^-' (^-^ Q _ 5^^^ , (6.11) 
for any given 5 G (0, 1/2). When x = AcR, this estimate together with 

P{{u eQ"" : u'ky^ 0}) < i{R) = ^ ' , 

a 

gives, using ()5.5|) : 

P{F-m{F)>x) = P(F - m(F) > X, cj^ = 0) + P(F - m(F) > X, cj^ ^ 0) 



as long as ()6.8|) and ()6.1H) hold. Now, conditions ()6.8|) and ()6.11|) can be rewritten in 
terms of x as 



X > 4c -a(S"-^) 1 + — — log— — log 1 + T^lo 



2 xxV" 



2 — a 2 — a / \ 2 — a 2 — a 
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and 

When e.g. 5 = 1/4, the range of ()(j.l2|l can be written 

l/a 



X 



> 4..(S"- Y'" ( (I (l . ^ log ^) log (l . ^ log ^) ) V 1 V ,6e'^)) 



□ 

Using Lemma Eini instead of Lemma 1331 we can state a similar deviation result 
under a slight better range condition on x, in case a G [1, 2). 

Theorem 6.2 Assume that a > 1 and let F : Vt^ M such that 

\DyF{uj)\ < c\y\x, P{duj) h'{dy)-a.e., 
with c > 0. Then we have 

P{F - m{F) >x)< a{S-~') (l + ^] (6.13) 



for all 



. > 4c.(S'-Y/" ( ( ( 1 H- J^log j^) log (l + J^log 1 ) V (4. 



l/a 



(6.14) 

Proof. We sketch the modifications of the proof, following the argument of Theorem 
16. II and applying Lemma [5.61 instead of Lemma [5.51 to and Fr, with 

2 — a 3 — a 

Under the condition 

a(5"-^)/?-" < . r^^-^ z (6-15) 

"2(l + ^log^)log(l + ^log^) 



and since 



2^3 1 , 1 4^3 1 , 1 
log 7^ < a;o < ^77777^ log ■ 



c2i?22-a ^2- a - ^ - cm"^ 2 - a ^2- a 
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we have Kq < e and also Xq < cR. Using (|5.6|) with r = 2cR > 2xo, we get applying 
Lemma 15.61 

P{FR-miFR)>2cR) < exp (^2 - (l + 2-^) log (^1 + ^^^^ 



2c^R^ 
as 



2c?R^ 

< ^- ^ 6.16 

- 2i?° ^ ' 



2 7(^), (6.17) 

as long as ()6.15p holds. Finally, applying Lemma 15.11 with P{R) = 2cR, 7(-R) = 
e^a7(-R)/2 and condition (|5.ip given by (j6.17p . with x = AcR, derive m{Fji) —m{F) < 
x/2, and 

P{Fr - m{F) >x)< P{Fr - m{FR) > x/2) < ^- ^ ( - j , 

provided moreover for any, < 5 < 1/2, 

R > max (^^-\5),r' - ^))) • (6-18) 

With X = AcR, this estimate together with ()6.2|) gives, using a > 1 and ()5.5p : 



P{F-m{F)>x) = P{F-m{F)>x,u% = ^) + P{F-m{F)>x,Lu'j^^^) 
< + ff)'", (6.19) 



2 J V4c 

as long as ()6.15|) and ()6.18|) hold. Now, conditions ()6.15|) and fl6.18p can be rewritten 
in terms of x as (j6.14j) with e.g. 5 = 1/4. □ 

Finally, we extend a recent result of |Tn] to Poisson functional under stable 
intensity measures. 

Theorem 6.3 Let F : M such that for some c > 0, 

\DyF{u)\ < c\y\x, P{duj) h'{dy)-a.e. 
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1) Let £ > 0, then if a is sufficiently close to 2, 

P{F - m{F) >x)<{e + V-e) exp (- 2(4,).^(gn^i) J ' (6-20) 

provided 

2) Let b > 3, e > 0, and x = 4:bca{S'^~^)j^ log 23^- -^'^^ close enough to 2 t(;e have 



P(f _,„(^) > < (l£)!^ (^i ^ p ^ ^(2 + .)(4c)Mg-)g(2-a.) 

(6.22) 

1, 1\, /I, 1' 



where g[x) = — log — log — lo 

\x X J \x X 

Proof. We follow jTHj as in the proofs of Theorem 15.21 and Proposition 16.21 above. 

First, using the same notation as before, we have: 

PiFR-m{FR)>r) < P{g{FR) - E[g{FR)] > r /2) (6.23) 

< exp 



rr/2 \ 

J h^\s)ds\, 0<x<hRito), (6.24) 



with 



smce agam 



hRis) < («,-|). + ^(e--l) 

= 7 — ^ — 77^ -s + (e''^^-l) ^ 

[2 — a){3 — a) 3 — a 



= ^^^^^ 



2 — a 3 — a 

where ()6.23p above comes as in ()5.6p in the proof of Theorem 15.21 and ()6.24p comes 
from the proofs of Lemma and Proposition 12. 21 Following ^Hj, for 6,s,R satisfying 

scR _ 2 X 

^ < (6.25) 

csR - 2-a ^ ' 
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we have 

hBis) < {1 + 6 . ^ ' 

[2 — a)[6 ~ a) 

and 



for all y such that 

(3-a)(2-a)y 



(1 + (5)cV(^"-i)i?2- 



< s, 



where s satisfies (I6.25|) . Taking for some A > 0, = and y = Rc, 

(2 — a){3 — a) 

since scR = A/{1 + 6), ()6.25|) can be rewritten as 

A 

ei+'5 - 1 6 
(1 + 5) ^< 



A - 2-a 
which is satisfied whenever 

e^(2 - a) 

Choosing 5 = — jt r which is positive for < a < A < — log(2 — a) when a 

A-e^{2-a) 

is close enough to 2, we derive from (j6.26j) for a < A < — log (2 — a) 

exp j'J" h^\t)d?j < e-4 exp (^^-^^^^^ . (6.27) 

But since 

_A /e^(2-«)\ A 
lim sup e 2 exp I I e^i^^ = 

"^2- a<A<-log(2-a) V 2 / 

for any e G (0, 1) and a close to 2, from (|6.24j) with r = 2cR, 

P{Fr - m{FR) > 2cR) < exp ^ /iR'(t)rft^ < (v^ + |) e 



2(3-a) 



for 



ao-(5"-M a(^"-i)log^ 
^ ^ < i?" < \. (6.29) 



(2-a)(3-a) 2(2-a)(3-a) 
Next, control m{F) — m{Fpi) using Lemma f5 . 1 1 with /9(-R) = 2cR 



7(i?) = (1 + v^) exp 
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and condition (|5.1|) given by (|6.28|) (with e <2). This yields 

m{FR) - m{F) < 2cR, (6.30) 

provided (j5.3j) . rewritten as 

> max ^ log ^ , 6.31 

V ad 2 — a 1 + Je J 



and (jFT^ above still hold. Equations (IFT^ and (On|) yield 

P(F/j, - m(F) > 4ci?)) < P{Fr - m{FR) > 2cR) 

provided (j6.29j) and (j6.3ip hold. Next, when (j6.29|) holds, (j6.2p gives for a close 
enough to 2: 

Finally, together with (j6.32j) and ()6.33p yields with x = 4c-R, 

(2 - 



P(F - E[Fr] >x)<{^ + e) exp 



2(4c)"(t(^"-i) 



as long as 



and 



(2-a)(3-a)- ^ ^ ^ 2(2 - a)(3 - a) ' ^ ' 

X > 4c max — , log— — ^ , 6.35 

\ ao 2 — a 1 + Je I 



for any < 5 < 1/2. Taking 5 = 1/4, conditions ()6.34|) and ()6.35p can be rewritten 
as 

2 — a 2(2 — a) 3 — a 

which yields (IFT^ . 

We now deal with the second part of Theorem 16.31 still following JE] . Take 

for some 6 > 0, i?" = ^^^^ ) log(l/(2 - a)) A > 0. For a close to 2 and 

2 - a 

scP > log(l/(2 - a)) + loglog(l/(2 - a)) + A we have 

> 



scR - {2 - a){e-^ + e) 
57 



hence 
whenever 

_ (1 + e-^ + g)ccT(^"-^)e-^ log(l/(2 - a)) 
(2-a)(3-a)i?°-i ' 

For A > small enough and 6 > 2, we have cR > Ui, and integrating (j6.36|) over 

[til, cR], we obtain 

-cR 



£ K^m > ((i + ^) iog(i + ecH) - 1) - ((^ + A.) iog(i + eu,) - 



cR 
(6.37) 

with 6^ = -. r — -— — --. For a close to 2 and A, e > small enough, using 

(1 + e_j_+ £)c(t(S"-i) 

dn^Sl), (Ell, (ESZI), we derive 
P{Fr - m{Fn) > 2cR) 

/ j-cR \ / rcR 

< 



exp 



< 



(2 + e)a{S--') [{2 + e)ca{S--') log(l/(2 - a))) log log(l/(2 - a))) 



R- """"^K R- 



with (yf(x) = log ^) log log ^) and e some (new) positive constant. It is easy now 

to control m{F) — m{F^ using once more Lemma l5.ll with I3{R) = 2cR, 7(x) = 
a~'^a{S"''^)x~°', and condition ()5.1|) given by ()6.38|) . This yields 

m{FR) - m{F) < 2cR (6.39) 

as long as 

««>^. M£!:!)expfM^r!Mi^)<l/2_,. (6.40) 

Then with x = icR, (jO^ . (jO^ yield 

^ (2 + e)a(5"-i) /(2 + e)(T(5"-i)^(2-a) 
P(Fr - m(F) > x) < ^ ^—^ ^exp'^ ; v ;yv ; 
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as long as (|6.4U|) holds. Together with (j5.5|) and (j6.2|) . this gives 

P{F -m{F)>x) < ^ — - i- + {2 + 6)exp' ^ ;v ; 



for X = 4:cR, that is ()(j.22p as long as ()(j.4()|l holds. This latter condition can be 
rewritten for 6 E (0, 1/2) and b > 3: 

1 , 1 1 / 3 \^ 

log > max 



2- a ^2- a- \ a6b' \b{l/2 - 6) 
which is obviously true for a close enough to 2 since a, b are bounded below and 



6-3 

is bounded above. □ 
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